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Nikola Adžaga∗, Alan Filipin†
Abstract
Let n be a nonzero integer. A set of m positive integers is called a D(n)-m-tuple if the
product of any two of its distinct elements increased by n is a perfect square. Let k be
a positive integer. By elementary means, we show that the D(−8k2)-pair {8k2, 8k2 + 1}
can be extended to at most a quadruple (the third and fourth element can only be 1 and
32k2 + 1). At the end, we suggest considering a D(−k2)-triple {1, 2k2, 2k2 + 2k + 1} as
possible future research direction.
1 Introduction
The research of Diophantine m-tuples has a long history. From Diophantus, through
Fermat and Euler, this field has remained interesting to number theorists. In 20th cen-
tury, Baker developed theory of linear forms in logarithms which he used to prove the
first results on nonextendibility of such sets (Baker and Davenport [1969]).
A set of m positive integers {a1, a2, . . . , am} is called D(n)-m-tuple if aia j + n is a
perfect square for all 1 6 i < j 6 m. Natural question regarding this sets is their
possible size. Most of the results in this field, especially newer ones, rely on linear
forms in logarithms (e.g. Bayad et al. [2016]), tools from Diophantine approximation
(such as Bennett [1995]) and elliptic curves (Dujella et al. [2016]).
On the other hand, Fujita & Togbe (Fujita and Togbé [2012]) had proven, in an
elementary, and relatively simple manner, if {k2, k2 + 1, c, d} is a D(−k2)-quadruple with
c < d, then c = 1 and d = 4k2 + 1 (in that case, 3k2 + 1 must be a square).
Similarly, {1, 2k2, 2k2 + 1} is a D(−2k2)-triple. However, for odd k, the number
added, −2k2, leaves a remainder of 2 when divided by 4, and already in 1985, Brown
(Brown [1985]) has shown that there is no D(n)-quadruple for n ≡ 2 (mod 4), simply
by observing quadratic residues modulo 4.
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2 2 THE EXTENDIBILITY OF THE D(−8K2)-TRIPLE {1, 8K2, 8K2 + 1}
Therefore, this problem is interesting only for even k. We rephrase it in the following
manner. Let k be a positive integer. Set {8k2, 8k2 + 1} has D(−8k2)-property, as well as
the set {1, 8k2, 8k2 + 1}, i.e. the product of any two of its distinct elements subtracted by
8k2 is a perfect square:
1 · 8k2 − 8k2 = 0, 1 · (8k2 + 1) − 8k2 = 1, 8k2 · (8k2 + 1) − 8k2 = 64k4.
The main result is the following theorem.
Theorem 1 Let k be a positive integer. If a set {8k2, 8k2+1, c, d} is a D(−8k2)-quadruple
such that d > c, then c = 1 and d = 32k2 + 1. In this case, k can be expressed as k = ki,
where ki is the recurrent sequence defined by k1 = 1, k2 = 10, kn+2 = 10kn+1 − kn.
We prove this by first considering the extendibility of the triple {1, 8k2, 8k2 + 1}.
2 The extendibility of the D(−8k2)-triple {1, 8k2, 8k2 + 1}
In this section, we prove the following theorem
Theorem 2 If a set {1, 8k2, 8k2 + 1, d} is a D(−8k2)-quadruple, then d = 32k2 + 1. In
that case, 24k2 + 1 must be a square.
Extending the initial triple with d and then eliminating d leads to a system consisting
of a Pell (z2 − (16k2 + 2)y2 = 1) and a pellian equation (x2 − 2y2 = −8k2 + 1). By
solving Pell equation, we get two recurrent sequences yn and zn. Due to the second
equation, the problem reduces to examining when can an element of the new sequence
Xn = 2y2n − 8k2 + 1 be a complete square. Using the relations between yn and zn,
e.g. y2n+1 = 2ynzn, we write Xn as a product of two factors, one of which is obviously
not a square. We finish the proof by showing that these factors are relatively prime via
principle of descent.
2.1 System of simultaneous pellian equations
If the set {1, 8k2, 8k2 + 1, d} has D(−8k2)-property, then there exist integers x, y′, z such
that
d − 8k2 = x2,
8k2d − 8k2 = (y′)2,
(8k2 + 1)d − 8k2 = z2
In the second equation we note that 8k2 divides (y′)2, hence 4k divides y′, i.e. y′ = 4ky
for some integer y. Dividing this equation with 8k2, we obtain a simpler one, d−1 = 2y2.
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From this and from the first equation we easily eliminate d to obtain a pellian equation
x2 − 2y2 = −8k2 + 1. In a similar manner, by eliminating d from the third equation and
the simplified second equation, we obtain Pell’s equation z2 − (16k2 + 2)y2 = 1.
To summarize, if a D(−8k2)-triple can be extended, then there exist integers x, y and
z satisfying the following system:
x2 − 2y2 = −8k2 + 1 (1)
z2 − (16k2 + 2)y2 = 1 (2)
This system is more complicated than the one obtained in Fujita and Togbé [2012],
as one of the equations there was very simple (y2 − x2 = k2 − 1).
The equation (1) is a pellian equation, and it can have a large number of infinite
classes of solutions. On the other hand, Pell’s equation (2) has one (infinite) class of
solutions, generated by a fundamental one. Using continued fractions (
√
16k2 + 2 =
[4k; 4k, 8k]), we obtain its fundamental solution 16k2 +1+4k
√
16k2 + 2. Thus we easily
obtain recurrent system of sequences (zn)n>−1 and (yn)n>−1 containing all nonnegative
integer solutions (z, y) to (2):
zn+1 = (16k2 + 1)zn + 4k(16k2 + 2)yn, z0 = 16k2 + 1, z−1 = 1 (3)
yn+1 = (16k2 + 1)yn + 4kzn, y0 = 4k, y−1 = 0. (4)
From this, one can get second order linear recurrence relations for (yn) and (zn),
solve them and obtain explicit expressions for all solutions of (2). This, along with the
proofs of some identities relating sequences (yn) and (zn), is done in the appendix.
On the other hand, y should also be a solution of (1), i.e. x2 should be 2y2n − 8k2 + 1
for some n ∈ N0. This is why a new sequence is introduced with the following definition
Xn := 2y2n − 8k2 + 1.
2.2 Squares in a sequence Xn
Using the relations between yn and zn, e.g. y2n+1 = 2ynzn, we write Xn as a product of
two factors, one of which is obviously not a square. We show that these factors are
relatively prime (via principle of descent for odd indices). However, the factorization
and the whole proof depends on the oddness of the index.
2.2.1 Odd indices
For odd indices, we use the following identity:
y2n+1 = 2ynzn, (5)
to show that X2n+1 is never a square. This identity (5) is proven in the appendix. It
enables us to do the following computation:
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X2n+1 = 2y22n+1 − 8k2 + 1
= 8y2nz
2
n − 8k2 + 1 (substitute z2n from (2))
= 8y2n(1 + (16k
2 + 2)y2n) − 8k2 + 1
= 8y2n + 16(8k
2 + 1)y4n − 8k2 + 1 (can be factored as)
= (4y2n + 1)(32y
2
nk
2 + 4y2n − 8k2 + 1).
The first factor cannot be a square, since (2yn)2 < 4y2n + 1 < (2yn + 1)
2 (for yn ∈ N).
Therefore, it suffices to show that the two factors obtained are relatively prime. We
prove this via principle of descent.
More precisely, we prove that
p | 4y2n + 1 and p | 32y2nk2 + 4y2n − 8k2 + 1 =⇒
=⇒ p | 4y2n−1 + 1 and p | 32y2n−1k2 + 4y2n−1 − 8k2 + 1,
which will lead us into a contradiction.
Assume that prime p divides both 4y2n + 1 and 32y
2
nk
2 + 4y2n−8k2 + 1. Then p divides
32y2nk
2 + 4y2n − 8k2 + 1 − (4y2n + 1) = 8k2(4y2n − 1) too. Since p is odd (because it divides
an odd number 4y2n + 1), it follows that p | k2(4y2n − 1). It cannot divide a second factor,
because then it would divide 4y2n + 1 − (4y2n − 1) = 2 as well. To conclude, p divides k2,
but then it also divides k.
Let us prove now that p divides both 4y2n−1+1 and 32y
2
n−1k
2+4y2n−1−8k2+1. From (4),
recurrence relation for (yn), we get yn − yn−1 = 16k2yn−1 + 4kzn−1, and since p divides k,
it follows that it divides the right hand side, which is equal to yn− yn−1. Hence, yn ≡ yn−1
(mod p). Indeed, p divides 4y2n−1+1. On the other hand, since 32y
2
n−1k
2+4y2n−1−8k2+1 =
8k2(4y2n−1 − 1) + 4y2n−1 + 1, it is true that p divides 32y2n−1k2 + 4y2n−1 − 8k2 + 1.
Further descent implies that p divides 4y20 +1 = 64k
2 +1 (and 32y20k
2 +4y20−8k2 +1).
However, since p divides k, it would divide 1, which is a contradiction. To conclude,
4y2n + 1 and 32y
2
nk
2 + 4y2n − 8k2 + 1 do not have any common prime factors, i.e. they are
relatively prime.
2.2.2 Even positive indices
For even indices, we use the following identity:
z2n − 1 =
(yn + yn−1
4k
)2
, (6)
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to show that X2n is not a square for positive integer n. We easily compute
X2n = 2y22n − 8k2 + 1 (2)= 2 ·
z22n − 1
16k2 + 2
− 8k2 + 1 =
=
z22n − 1 − 64k4 − 8k2 + 8k2 + 1
8k2 + 1
=
z22n − 64k2
8k2 + 1
=
z2n − 8k2
8k2 + 1
· (z2n + 8k2),
We show that the second factor, z2n + 8k2 cannot be a square for n > 1. Due to the
identity (6), we obtain(yn + yn−1
4k
)2
< z2n + 8k2 =
(yn + yn−1
4k
)2
+ 1 + 8k2 <
(yn + yn−1
4k
+ 1
)2
.
Last inequality holds if and only if 1 + 8k2 <
yn + yn−1
2k
+ 1, i.e. if and only if
16k3 < yn + yn−1.
Since already y1 = 2(16k2 + 1) · 4k and yn is obviously an increasing sequence, the
required inequality truly holds for n > 1.
In this case, it is easier to prove that the factors obtained are relatively prime. As-
sume prime p divides both
z2n − 8k2
8k2 + 1
and z2n + 8k2. Then it divides z2n − 8k2, as well as
the difference z2n + 8k2 − (z2n − 8k2) = 16k2. Since p divides z2n + 8k2, and all elements
of a sequence zn are odd (see (3)), it follows that p is odd. Hence p | 16k2 implies p | k2.
It follows that p | z2n. But the sequence zn is relatively prime with k since all elements
give a remainder of 1 when divided with k. Therefore, it is impossible that z2n and k
have a common prime factor p, so we obtain a contradiction again.
One should also check that the first factor, fraction
z2n − 8k2
8k2 + 1
, is actually an integer.
But that is easy: inductively prove that elements of zn, when divided by 8k2 + 1, leave
remainders (1, 8k2, 1, 8k2, . . . ). Hence z2n − 8k2 is indeed divisible by 8k2 + 1.
We are left with the case n = 0, i.e. when X0 =
z0 − 8k2
8k2 + 1
· (z0 + 8k2) = 24k2 + 1 is a
square.
2.2.3 Conclusion for the extendibility of a triple
To conclude, the only element of a sequence (Xn)n>0 which can be a perfect square is
X0 = 24k2 + 1. In that case, since x2 = 24k2 + 1, we see that the fourth element can only
be d = 32k2 + 1. However, 24k2 + 1 is not a square for all k, but to determine for which
k it is a perfect square, we just have to solve another Pell’s equation m2 − 24k2 = 1.
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3 The extendibility of the D(−8k2)-pair {8k2, 8k2 + 1}
In this section, we prove theorem 1.
Assume that {8k2, 8k2+1, c} is a D(−8k2)-triple, where 1 < c. Then 8k2c−8k2 = (s′)2,
hence s′ = 4ks, which simplifies the equation to c− 1 = 2s2. Also, (8k2 + 1)c− 8k2 = t2
(t and s are nonnegative integers). Eliminating c, we obtain t2 − (16k2 + 2)s2 = 1. From
2.1, we already know that t + s
√
16k2 + 2 = (16k2 + 1 + 4k
√
16k2 + 2)ν for ν ∈ N0.
Hence, s = sν for some ν, where s0 = 0, s1 = 4k, sν+2 = 2(16k2 + 1)sν+1 − sν.
Assume now that there exist D(−8k2)-quadruples {8k2, 8k2 + 1, c, d} such that 1 <
c, d, i.e. let integers d > c > 1 be such that {8k2, 8k2 + 1, c, d} is a D(−8k2)-quadruple
with minimal c > 1. Therefore
8k2d − 8k2 = (x′)2, (8k2 + 1)d − 8k2 = y2, cd − 8k2 = z2.
First equation simplifies again to d − 1 = 2x2. Eliminating d, we obtain a system
y2 − (16k2 + 2)x2 = 1 (7)
z2 − 2cx2 = c − 8k2 (8)
and again y + x
√
16k2 + 2 = (16k2 + 1 + 4k
√
16k2 + 2)m, m ∈ N0, i.e. x is an
element of the sequence v0 = 0, v1 = 4k, vm+2 = 2(16k2 + 1)vm+1 − vm.
On the other hand, fundamental solution of Pell’s equation (z2 − 2cx2 = 1), corre-
sponding to pellian equation (8), is (2c − 1, 2s). (since (2c − 1)2 − 2c(2s)2 = 4c2 − 4c +
1−4c(c−1) = 1). Therefore, if (z, x) is a solution of (8), then there exists a fundamental
solution (z0, x0) such that z + x
√
2c = (z0 + x0
√
2c)(2c − 1 + 2s√2c)n, and
0 < x0 6
2s√
2(2c − 2)
√
c − 8k2 = s√
2s2
√
c − 8k2 =
√
c
2
− 4k2 =
√
s2 +
1
2
− 4k2 < s.
(The second inequality above comes from Theorem 108a in Nagell [1951]).
We conclude that x is also an element of a sequence w0 = x0,w1 = (2c − 1)x0 +
2sz0,wn+2 = 2(2c − 1)wn+1 − wn. Observe that wn ≡ x0 (mod s) for all n, since c =
2s2 + 1 ≡ 1 (mod s). Given that
(vm)m>0 ≡ (0, s1, s2, . . . , sν−1, 0,−sν−1,−sν−2, . . . ,−s1, 0, s1, . . . ) (mod s),
and x0 < s, it follows that x20 = s
2
i for some i < ν.
Let now d0 = 2x20 + 1. Then (8k
2 + 1)d0 − 8k2 = (16k2 + 2)x20 + 1 = (16k2 + 2)s2i + 1,
so
(8k2 + 1)d0 − 8k2 = t2i .
Also,
8k2d0 − 8k2 = 16k2x20 = (4kx0)2
7and
cd0 − 8k2 = c(2x20 + 1) − 8k2 = 2cx20 + c − 8k2 = z20 − c + 8k2 + c − 8k2 = z20.
Therefore, a set {8k2, 8k2 + 1, d0, c} is also a D(−8k2)-quadruple. Observe that d0 =
2x20 + 1 < 2s
2 + 1 = c, and, since c is the minimum possible value greater than 1, d0
must be d0 = 1, i.e. x0 = 0 > 0, which is a contradiction.
There is no D(−8k2)-quadruple {8k2, 8k2 + 1, c, d} such that 1 < c < d.
For the last assertion, we use theorem 2, to conclude that 24k2 + 1 must be a square.
But this is again Pell’s equation: m2 − 24k2 = 1. Fundamental solution 5 + √24 gives
us the recurrent sequence for k, k1 = 1, k2 = 10, kn+2 = 10kn+1 − kn, ∀n ∈ N.
4 Similar problem
We can consider D(−k2)-triple {1, 2k2, 2k2 + 2k + 1} in a similar manner. Extending it
with d, we obtain the following system of simultaneous pellian equations:
y2 − 2x2 = 2k2 − 1
z2 − (4k2 + 4k + 2)y2 = 4k + 2
Even though none of this equations is Pell’s, second equation has only one fundamental
solution, (z∗, y∗) = (2k + 2, 1). We show this by placing z∗ between squares of (2k + 1)y
and (2k + 1)y + 1, using the upper bound for y∗ (found in Nagell [1951] again).
This gives us recurrences for the solutions of the second equation, yn+1 = (8k2 +8k +
3)yn + (4k + 2)zn from which we conclude that yn+1 ≡ yn (mod 4k + 2), i. e. yn ≡ y0 = 1
(mod 4k + 2). Similarly, if we change one of the signs in fundamental solution, say
(2k+2,−1), to generate solutions (z′n, y′n), we can conclude that y′n ≡ y′0 = −1 (mod 4k+
2). In any case, from the first equation, 2x2 = y2 − 2k2 + 1 ≡ 1 − 2k2 + 1 = 2(1 − k2)
(mod 4k + 2), so x2 ≡ 1 − k2 (mod 2k + 1) and
x2 ≡ 1 − k2 = (1 − k)(1 + k) ≡ (k + 2)(k + 1) = k2 + 3k + 2 ≡ k2 + k + 1 (mod 2k + 1)
Multiplying by 4, 4x2 ≡ 4k2 + 4k + 4 − (2k + 1)2 = 3 (mod 2k + 1).
Hence, 3 is a square modulo 2k + 1. It is a quadratic residue modulo every prime
factor of 2k + 1 as well. Since 3 is a quadratic residue modulo prime p if and only if
p ≡ ±1 (mod 12), it follows that all prime factors of 2k + 1 are of that form, or equal to
3. Only one 3 can divide it, since 3 | 4x2 − 3 implies 9 - 4x2 − 3.
We can conclude that for k ≡ 2, 3 (mod 6), there is no extension. However, we
conjecture that the fourth element can only be d = 8k2 + 4k + 1, and in that case,
7k2 + 4k + 1 must be a perfect square.
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Appendix
In Section 2, we used the fact that, if we denote by (zn, yn)n>−1 all nonegative integral
solutions to z2 − (16k2 + 2)y2 = 1, arranged in ascending order, then y2n+1 = 2ynzn.
Here we provide the proof of this identity. Fundamental solution of this Pell’s equation
is 16k2 + 1 + 4k
√
16k2 + 2, which means that every solution can be obtained from the
previous one by zn+1 + yn+1
√
16k2 + 2 = (zn + yn
√
16k2 + 2)(16k2 + 1 + 4k
√
16k2 + 2).
This gives us mixed recurrences (3) and (4). Now
zn+2 = (16k2 + 1)zn+1 + 4k(16k2 + 2) · ((16k2 + 1)yn + 4kzn)
= (16k2 + 1)zn+1 + 16k2(16k2 + 2)zn + (16k2 + 1)(zn+1 − (16k2 + 1)zn)
= 2(16k2 + 1)zn+1 − zn,
with initial conditions z−1 = 1, z0 = 16k2 + 1.
In the same manner, we get second order linear recurrence relation for (yn): yn+2 =
2(16k2 + 1)yn+1 − yn, with initial conditions y−1 = 0, y0 = 4k. Solving these recurrences,
we get explicit expressions:
yn = c1(16k2 + 1 + 4k
√
16k2 + 2)n + c2(16k2 + 1 − 4k
√
16k2 + 2)n
zn = c3(16k2 + 1 + 4k
√
16k2 + 2)n + c4(16k2 + 1 − 4k
√
16k2 + 2)n,
where
c1 =
64k3 + 8k + (16k2 + 1)
√
16k2 + 2
2(16k2 + 2)
, c2 =
64k3 + 8k − (16k2 + 1)√16k2 + 2
2(16k2 + 2)
c3 =
128k4 + 24k2 + 1 + (32k3 + 4k)
√
16k2 + 2
16k2 + 2
, c4 =
128k4 + 24k2 + 1 − (32k3 + 4k)√16k2 + 2
16k2 + 2
We compute
2ynzn = 2(c1(16k2 + 1 + 4k
√
16k2 + 2)n + c2(16k2 + 1 − 4k
√
16k2 + 2)n)·
· (c3(16k2 + 1 + 4k
√
16k2 + 2)n + c4(16k2 + 1 − 4k
√
16k2 + 2)n) =
= 2
(
c1c3(16k2 + 1 + 4k
√
16k2 + 2)2n + c2c4(16k2 + 1 − 4k
√
16k2 + 2)2n + c1c4 + c2c3
)
REFERENCES 9
Now all we need to do is compute, i.e. compare these coefficients (this is best done
by computer):
2c1c3 = 2
64k3 + 8k + (16k2 + 1)
√
16k2 + 2
2(16k2 + 2)
· 128k
4 + 24k2 + 1 + (32k3 + 4k)
√
16k2 + 2
16k2 + 2
=
=
(64k3 + 8k)(128k4 + 24k2 + 1) + (16k2 + 1)(32k3 + 4k)(16k2 + 2)
(16k2 + 2)2
+
+
((64k3 + 8k)(32k3 + 4k) + (16k2 + 1)(128k4 + 24k2 + 1))
√
16k2 + 2
(16k2 + 2)2
=
=
16k + 512k3 + 5120k5 + 16384k7 + (1 + 72k2 + 1024k4 + 4096k6)
√
16k2 + 2
(16k2 + 2)2
=
=
16k(8k2 + 1)2(16k2 + 1) + (8k2 + 1)(512k4 + 64k2 + 1)
√
16k2 + 2
(16k2 + 2)2
=
=
8k(8k2 + 1)(16k2 + 1) + 12 (512k
4 + 64k2 + 1)
√
16k2 + 2
16k2 + 2
=
=
16k(8k2 + 1)(16k2 + 1) + (512k4 + 64k2 + 1)
√
16k2 + 2
2(16k2 + 2)
On the other hand, in y2n+1, coefficient of (16k2 + 1 + 4k
√
16k2 + 2)2n is
c1(16k2+1+4k
√
16k2 + 2) =
64k3 + 8k + (16k2 + 1)
√
16k2 + 2
2(16k2 + 2)
·(16k2+1+4k
√
16k2 + 2) =
=
(64k3 + 8k)(16k2 + 1) + 4k(16k2 + 1)(16k2 + 2) + ((64k3 + 8k) · 4k + (16k2 + 1)2)√16k2 + 2
2(16k2 + 2)
=
=
16k(128k4 + 24k2 + 1) + (512k4 + 64k2 + 1)
√
16k2 + 2
2(16k2 + 2)
,
so indeed the coefficient of (16k2 + 1 + 4k
√
16k2 + 2)2n is equal in y2n+1 and in ynzn.
Analogously for the conjugate (16k2 + 1 − 4k√16k2 + 2)2n, while c1c4 + c2c3 = 0.
The other identity, z2n − 1 =
(yn + yn−1
4k
)2
, is proven in a similar manner.
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